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More generally ,
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Therefore
,

there must be a critical Je

below which the behavior changes from

exponential to power law .

On dimensional grounds,

Jc Och
.

It turns out that vortices

play a central role in the transition between

the two regimes .

Since the order parameter is a two - comp .

rector .
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,

And we are in two space

dim
,

the system admits topological defects

called vortices :
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Energy cost of  a single vortex :
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Ock ) is not a smooth fin near the
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core of a vortex .
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but OCB) is evidently not smooth near

a vortex .

A vortex resembles a point charge .

One can cast the OCD model as a theory

of these charges C = vortices ) interacting
via a guage field . similar to electromagnetism .

To proceed ,
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Let's re - write this as
, .

Z = Sdo dig e-

HIIt.5.ro
where we

have introduced a new vector - field57

Now write O = O
smooth

t O vortex .

-5532
,

tiT.TO
smooth

⇒ 2 = I DO
smooth

do vortex e

t'T
. Ovorkx

D8

Integrating out O smooth
⇒

Is . Is = O

We can solve this via Spe = Emu 2 A

where a resembles a guage
field .

performing integration bud
t.IE#z-niaproriex
2 = I

da
d

prone
.

e) TJ

where f = Bx BO vortex
is the

rxovrrtex
vortex

-

2A

density .

This theory
resembles electrostatics

in 213 .
One can integrate out

' atto

obtain
-JNroriaecndogtk-kllnwria.tk)

z =

fdfroriae
E

c Enwriex = o )



Thus vortices internet logarithmically as

expected Erroll the energy of a single

vertex nJlogC↳)
.

At low - JT, thelogarithmic

interaction dominates and at Je ,
the vortex -

anti - vortex pairs unbind •

Physical meaning of gauge field
t

a
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A is the only massless field in the above

action .
Therefore it must be the spin - waves )

Ghassan fluctuations in the low - T phase .
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The g. s .
will break In Sym . spontaneously .
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What happens to the power - law phase ? ?
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one finds an intermediate

Power - law critical line
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model
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Above we cheated a little bit
.

O is

a compact variable i.e .
0=0+22

. * .

This

is secretly encoded in the fact that

Prorlex must be an integer .
This imposes

a constraint on the field
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Let's derive the duality in a bit more

rigorous way
which will bring out the

integer valued - ness of
'

a
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directly .

Let's start with the actual Hamiltonian
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Now we can integrate out O completely.

without separating it  into smooth and

vortex parts .
⇒ Bt . 3→ = O

C this  is because O is  effectively non - compact  after the
.
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Solve this in the same manner as

before '
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Since 3 is an integer .



2. = SDA e- FIFI with at

Let's impose a E by introducing.

Another field

Bv
.

2=5*9Da e-Haifa
Pv =-D

We identify Pr with Pvoriex ,
thus

.

recovering our earlier result .
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Duality in33AOCH modelIThe steps are fairly similar .

However
,

I isKNOW
a 3 - component rector .

TO solve

B. 5=0

write Is =
Bia where at is

again an integer valued field .
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Where the sum overj imposes
the

integer valued ness of .

One can

identify Ifwith the vortex curren .

Assuming vortices are bosons ,
one
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write

j
= In [ to
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So that the action is ,

~ f I ( B-ia30112tax a)
2

What happens it one condenses vortices . ?

One obtains mass gap for the photon of .
.

On the other hard when vortices are

Sapped ,
the photon is massless .

This

Corresponds to the Goldstone mode of the

Ocz ) spontaneous Sym . breaking . Condensing

charge two vortices gives a Zz goose
theory ,

the subject of our next Lecture
.
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